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Abstract

An ordinal calculator has been developed as an aid for understanding the countable
ordinal hierarchy and as a research tool that may eventually help to expand it. A
GPL licensed version is available in C++ code and as an interactive command line cal-
culator. It includes ordinals uniquely expressible in Cantor normal form, the Veblen
hierarchies and a form of ordinal projection from countable admissible ordinal hierar-
chies to themselves. This projection is based on a weakened version of notations for
recursive ordinals that can be applied to countable admissible ordinals. Iterative pro-
jections using this notation may be one key to expanding the ordinal hierarchy. These
ideas have their roots in a philosophy of mathematical truth that sees objectively true
mathematics as connected to recursive processes. It suggests that computers are an
essential adjunct to human intuition for extending the combinatorially complex parts
of objective mathematics.
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Introduction

An ordinal calculator has been developed as an aid for understanding the countable ordinal
hierarchy and as a research tool that may eventually help to expand it. A GPL licensed
version is available in C++ code and as an interactive command line calculator. It includes
ordinals uniquely expressible in Cantor normal form (that are < g¢), the Veblen hierarchies
and a form of ordinal projection from countable admissible ordinal hierarchies to themselves.
This projection is based on a weakened version of notations for recursive ordinals that can
be applied to countable admissible ordinals. Iterative projections using this notation may
be one key to expanding the ordinal hierarchy. The well orderings that can be generated in
this weakened form of recursive ordinal notations will always be recursive and incomplete.
They can be projected onto themselves in complex ways that is somewhat reminiscent of the
Mandelbrot set[9].

Loosely speaking there are two dimensions to the power of axiomatic mathematical sys-
tems: definability and provability. The former measures what structures can be defined
and the latter what statements about these structures are provable. Provability is usually
expandable by expanding definability, but there are other ways to expand provability. In
arguing for the necessity of large cardinal axioms a number of arithmetic statements have
been shown to require such axioms to decide[6]. This claim is relative to the linear rank-
ing of generally accepted axiom systems. However any arithmetic (or even hyperarithmetic)
statement can be decided by adding to second order arithmetic a finite set of axioms that say
certain integers do or do not define notations for recursive ordinals in the sense of Kleene’s
O[8]. This follows because Kleene’s O is a II} complete set[13] and a TM with an oracle
that makes a decision must do so after a finite number of queries.

Large cardinal axioms are needed to decide these statements because it has not been
possible to construct a sufficiently powerful axiom system about notations for recursive



ordinals. This can change. Any claim that large cardinal axioms are needed to decide
arithmetic statements is relative to the current state of mathematics.

Large cardinal axioms seem to implicitly define large recursive ordinals that may be be-
yond the ability of the unaided human mind to define explicitly. Thus the central motivation
of this work is to use the computer as a research tool to augment human intuition with the
enormous combinatorial power of today’s computers.

There is the outline of a theory of objective mathematical truth that underlies this ap-
proach in Section 4. This theory sees objective mathematics as logically determined by a
recursive enumerable sequence of events. (The relationship between thee events may be
complex!, but these events, by themselves, must decide the statement.) Objective mathe-
matics includes arithmetic and hyperarithmetic statements and some statements requiring
quantification over the reals.

1 Ordinal notations and the Cantor normal form

An ordinal notation system assigns strings to an initial fragment of the recursive ordinals.
It contains a recursive process for deciding the relative size (<,=, or >) of the ordinals
represented by each string and a recursive process for deciding if a given string represents
an ordinal. Section 3 describes a weakened version of this ordinal notation system for the
Church-Kleene ordinal (the ordinal of the recursive ordinals) and larger countable ordinals.

Greek letters represent both notations, the finite strings that represent ordinals, and the
ordinals themselves. The relative size of notations is the relative size of the ordinals they
represent.

The ordinal calculator uses C++ class® Ordinal and virtual member functions®. to
implement ordinal notations in an expandable way. Thus the routine that determines the
relative size of the ordinals represented by two strings, compare, is a virtual function that
can continue to work correctly on an expanded hierarchy built on top of existing classes.
The ordinal calculator uses a parser, lexical analyzer and a semantic checker to define valid
ordinal notations. It uses the static* function fixedPoint to convert notations to a unique
representation.

From the above and for any notation « in the system, one can enumerate all notations
< a. However this is too inefficient to be practical. Thus there is a virtual Ordinal mem-
ber function limitElement on the integers that outputs an increasing sequence of ordinal

'The valid relationships cannot be precisely defined without limiting the definition beyond what is in-
tended. An objective formal system can always be extended in both provability and definability.

2Constructs from the programming language C++ in which the ordinal calculator is written, will be given
in tty font.

3In C++ a member function is a routine with access to the internal structure of the specific class instance
(such as that defining an ordinal notation) from which it is called. A virtual member function can be
overridden by a function with the same name and parameters in a subclass of the base class. This means
calling the function from an object of this class will always invoke the highest level virtual function that
is defined for this object even if the object in context is only declared to be in the base class.

4A static function is a class member function that can be called without a specific class instance.
fixedPoint must be defined for each new subclass.



notations. The union of the ordinals represented by the outputs of o.1imitElement® is the
ordinal represented by a.

1.1 Cantor normal form

Every ordinal, o, can be represented as shown in Equation 1.

] > Qg > Qg > ... > Qg
The «ay, are ordinal notations and the ny are integers > 0.

a =wng +w®ng +wng + ... + wny (1)

Because ¢y = w®, the Cantor normal form gives unique representation only for ordinals
< 9. Each term in Equation 1 is represented by a member of class CantorNormalElement.
The terms are linked in decreasing order in class Ordinal. This base class can represent
any ordinal < &9. The integers used to define finite ordinals® are scanned and processed with
a library that supports arbitrarily large integers’. The Ordinal instance representing w is
predefined as the variable omega. Larger ordinals in the base class are constructed using the
integers, w and three ordinal operators, +, x and exponentiation. g = Uw, w®”,w* w*" ...

and thus is the smallest ordinal not constructable with these operators and predefined values.

1.2 Interactive mode

The ordinal calculator has a command line interactive mode that supports most func-
tions without requiring C++ coding. In this mode one can write ordinal expressions di-
rectly using the symbols ‘*’ for multiply and ‘°’ for exponentiation. These expressions
can be assigned to variable names. omega is defined by the single character ‘w’ as well as
omega. To list a.limitElement (1) through a.limitElement (n) use the interactive com-
mand «.listElts(n).

2 The Veblen hierarchy

The Veblen hierarchy[16, 10, 7] extends the Cantor normal form by defining functions that
grow much faster than ordinal exponentiation and using these to define notations for ordinals
much larger than ¢j. It is developed in two stages. The first involves expressions of a fixed
finite number of variables. The second involves functions definable as limits of sequences of

5Sometimes mathematical notation is combined with C++ code. In this example the C++ definition of a
member function is combined with a Greek letter to represent the C++ object (an Ordinal notation) that
the subroutine is called from.

6The syntax for defining the ordinal 12 named ‘a’ is ‘Ordinal a(12);’ in C++ and ‘a=12’ in the interactive
ordinal calculator.

"The package used is MPIR, (Multiple Precision Integers and Rationals) based on the package GMP
(GNU Multiple Precision Arithmetic Library). Either package can be used, but only MPIR is supported on
Microsoft operating systems.



a2

(0, ag) =w
al and a2 are successors
Wlar+1,aa+1) =p(ar+1,a9)

P+ Lag+1) = (o, ¢'(a +1,ap+1)) +1
thus using ¢'(aq, ap) thus

plar + 1,00 + 1) =Uien ¢'(a1 + 1,00+ 1)
alternatively
olar + 1,00 + 1) =Up(ar +1,a2) + 1, p(ar,plar +1,a0) + 1) + 1,

ola, ela, elar+1La)+ 1)+ 1)+ 1, ...

v 1s a limit

90(0517 a?) — Uﬂeag (10<0417 ﬁ)
a7 is a limit, as is a successor
w(og, a0 + 1) = Ugea, 0(8, p(a1, a2))

See Table 2 for examples.

Table 1: Two parameter Veblen function definition

functions of an increasing number of variables. The idea is to give an inductive definition of
the largest possible ordinal at each stage, using what has previously been defined including
the limit of infinite sequences of previously defined expressions.

2.1 Finite parameter Veblen functions

The Veblen hierarchy starts with a function of two variables, p(a1, az), based on w®. ¢(0, as)
is defined as w*?. (1, ay) is defined as the s fixed point of w® and is written as €,,. Loosely
speaking the Veblen hierarchy generalizes the idea of fixed points function to functions that
yield limits of what is obtainable by finite iteration of previously defined functions. Thus,
for example p(2, a2+ 1) = Up(2,02), o(1,0(2,a2) + 1), (1, o(1, (2,a2) + 1)+ 1), .... Each
element of the sequence, past the first, takes the previous element as the second parameter.

The Veblen hierarchy first develops this approach for fixed finite functions and then for
sequences of fixed finite functions of increasing length. These functions are fully described
in [16, 10, 12]. The algorithms used in the ordinal calculator are documented in [3]. The
goal here is to give an understanding of these definition in part by using tables of examples
generated by the ordinal calculator.

Table 1 defines the two parameter Veblen function. Examples of this function are in
in Table 2. Three parameter Veblen function examples are shown in Table 3 and larger
examples in Table 4.

2.2 Infinite parameter Veblen functions

The limit of what is definable with the finite parameter Veblen function is the union of the
sequence p(1), ¢(1,0), ¢(1,0,0), ...,. This is defined to be ;. The infinite parameter Veblen
function is written as ¢, (aq, as, .., ). If a,,—; or a more significant a parameter is nonzero,
then the v parameter is unchanged in defining 1imitElement i. e. the ordinal represented by



o «.limitElement (n)
n=1 n=2 ‘ n=3
€1 €0 weotl WO
€9 €1 wElH w‘“sﬁl
Ew &1 €9 €3
()0(27 1) 90(27 0) Eo(2,0)+1 8€¢(2,0)+1+1
©(2,2) ¢(2,1) €p(2,1)+1 Cepan)t1+l
90(27 5) SO(274) Ep(2,4)+1 €6¢(2,4)+1+1
e(2,w) ¢(2,1) ¢(2,2) ©(2,3)
©(3,1) ©(3,0) e(2,0(3,00+1) | o(2,0(2,¢(3,0)+1) +1)
©(3,2) ¢(3,1) (2,03, 1)+1) | 9(2,0(2,¢(3,1)+1)+1)
p(w,1) Ep(w0)+1 P(2, p(w,0) +1) ¢(3,¢(w,0) +1)
Qp(w’ 9) Ep(w,8)+1 90(27 @(wa 8) + 1) 90(37 @(wv 8) + 1)
p(w,w) p(w,1) p(w,2) p(w,3)
o(w,w~+2) || epwwintt | P2, p(w,w+1)+1) o3, p(w,w+1)+1)
Table 2: Two parameter Veblen function exanples
« o.limitElement (n)
n=1 ‘ n=2 ‘ n=3
1 »(1,0,1) ©(1,0,0(1,0,1) + 1) | ©(1,0,0(1,0,0(1,0,1) + 1)+ 1)
(1,1,1) I, ©(1,0,T1 + 1) v(1,0,0(1,0,Ty + 1) + 1)
(1,1,2) o(1,1,1) o(1,0,0(1,1,1)+1) | ©(1,0,0(1,0,p(1,1,1) + 1) + 1)
(1,1,w) e(1,1,1) ©(1,1,2) ©(1,1,3)
w Iy [y '
(Lw,1) || (1,1,T, + 1) e(1,2,T, + 1) o(1,3,T, + 1)
(1,2,1) Iy e(1,1,Ty + 1) o(1,1,p(1,1,T5+ 1)+ 1)
(1,2,2) v(1,2,1) (1, L,p(1,2,1)+1) | o(1,1,0(1,1,p(1,2,1)+ 1)+ 1)
(1,2,5) v(1,2,4) (1,1, 0(1,2,4)+1) | o(1,1,0(1,1,p(1,2,4) + 1) + 1)
(3,1,1) ©(3,1,0) ©(3,0,0(3,1,0) + 1) | ©(3,0,9(3,0,0(3,1,0) + 1) + 1)
(2,2,w) ©(2,2,1) (2,2 2) ©(2,2,3)
(4,3,2) p(4,3,1) | 9(4,2,0(4,3 1)+ 1) | 9(4,2,0(4,2,¢(4,3,1)+1)+1)
(w,3,2) o(w,3,1) o(w,2, p(w ,3 D+1) | o(w,2,p(w,2,0(w,3,1)+1)+ 1)
Table 3: Three parameter Veblen function examples.
@ a.limitElement (n)
n=1 [ n=2 [ n=3
©(1,0,0,0) To oo +1,0,0) o(p(To +1,0,0) + 1,0,0)
©(1,0,0,1) ©(1,0,0,0) 2(¢(1,0,0,0) + 1,0,1) o(9((1,0,0,0) +1,0,1) + 1,0, 1)
»(w,0,0,1) »(1,¢(w,0,0,0) +1,0,1) <p(27<p(w,0,0 0)+1,0,1) »(3,¢(w,0,0,0)+1,0,1)
»(w,0,0,4) »(1,o(w,0,0,3) +1,0,4) | ¢(2,¢(w,0,0,3)+1,0,4) »(3,¢(w,0,0,3) +1,0,4)
©(w,0,0,0) ©(1,0,0,0) 2(2,0,0,0) ©(3,0,0,0)
$(w,0,0,w) $(w,0,0,1) ¢(w,0,0,2) %(w,0,0,3)
©(1,0,0,0,0) ©(1,0,0,0) 2((1,0,0,0) +1,0,0,0) | ¢(o((1,0,0,0) +1,0,0,0) + 1,0,0,0)

Table 4: More than three parameter Veblen function examples




©1 =¢(1), ¢(1,0), ¢(1,0,0), ...,
~ and the least significant « are successors,
the other «; are 0

90$+11(Oé +1) = 907+1(a)

(e +1) =y (pig(a+1)+1)

thus using ¢! () thus

Prri(@+1)  =Uen ¥ pi(a+1)

o a limit

) = Ugea 4(8)

v a limit

y(a+1) = Upey ws(py(a) +1)

See Table 6 for examples.

Table 5: Definition of ¢ ()

« «.limitElement (n)

n=1 \ n=2 \ n=3
V1 w €0 Iy
¢1(1,0,0) ¢1(1,0) ¢1(p1(1,0) +1,0) e1(p1(p1(1,0) +1,0) +1,0)
4101(1a0’1) 901(170’0) 301(301(17070)4_1?1) @1(‘)01(@1(1’0;0)+1’1)+1’1)
e3(1) p3+1 @23 +1,0) ¢2(p3 +1,0,0)
v3(2) w3(1) +1 wa2(p3(1) +1,0) w2(p3(1) +1,0,0)
©5(w) e5(1) ©5(2) ©5(3)
Puw ¥1 P2 ¥3
pu(1) e1(pw +1) P2(pw +1) ©3(pw +1)
Pww (8) @w(@w“’ (7) + 1) Puw? (‘pw“’ (7) + 1) Puws (‘Pw“’ (7) + 1)

Table 6: Veblen function with variable number of parameters examples

this notation can be built up from the union of smaller ordinals with notations with the same
v value. In this case the «; are treated as they are in the finite parameter Veblen function.
The Veblen function, ¢, (c) defined in Table 6, illustrates the one major difference between
the finite and infinite length Veblen functions. Examples of the infinite length function are
shown in Table 6.

3 Countable admissible ordinals and projection

The ordinal calculator goes beyond the Veblen hierarchy using a form of ordinal projection
based on countable admissible ordinals > wa . This uses a weakened version of recursive
ordinal notation that applies to these larger ordinals. The idea is to replace the defining
function limitElement on the integers with 1imitOrd that accepts ordinal notations of a
specified type. For types greater than the integers, the domain of 1imit0Ord is incomplete
in any finitely specifiable notation system. For these larger ordinals the following no longer



holds.
J a.limitElement(i) = a (2)
1EN

Instead the following holds®.

a= U a.1imit0rd(5) (3)

B:a.isValid(8)

If « is a recursive ordinal then isValid is defined to be ‘is an integer’.

w1.1imit0rd” can be defined as the identity function and equation 3 will be valid as the
system is expanded. w;.1imit0rd is not defined this way, but as a string manipulation that
can work with an incomplete expandable hierarchy. w;.1imitOrd is defined to grow faster
than lower level functions.

For notations for ordinals > w¢X, the compare member function works as defined in
Section 1. It is a virtual function that can be overridden as new subclasses of Ordinal
are added. As a consequence the ordinal hierarchy defined at any point in this process has
a recursive well ordering even though ordinals much larger than w{'¥ are represented. Thus
the hierarchy can be embedded within itself in complex ways a bit like the Mandelbrot set.

That is used in to expand ordinals represented in the ordinal calculator.

3.1 Semantics for countable admissible ordinals

The syntax used in version 0.3 of the ordinal calculator is summarized in Figure 1. The
syntax and semantics for Cantor normal form expressions (Section 1.1), as well as finite length
(Section 2.1) and infinite length (Section 2.2) Veblen functions have been discussed. The
syntax and semantics for the remainder of Figure 1 are described in this section (equations
7 to 11) and Section 3.3 (equations 12 to 14).

K in w, refers to the admissible level (wSK). The other parameters in Equation 7, v and
the a;, work mostly as they do in the Veblen hierarchy. New rules are needed only when one of
two conditions are met. This is reflected in the software where virtual functions are used
to create limitElement and 1limitOrd outputs. In these virtual functions, unspecified
parameters are filled in with the current values in the ordinal notation from which the
virtual function is called. This allows lower class functions to do much of the work for
objects of a higher subclass.

New algorithms are required when x and the least significant « (v, in Equation 7) are
the only nonzero parameters. x can be a successor or a limit. « must be a successor. (If
the least significant « is a limit than the standard definition can be used with virtual
functions.) These new algorithms are illustrated in Table7.

Equation 8 is used to define 1imit0rd. wy1.1imit0rd(n) = wai1[n]*. The definition of
Wa1[n] diagonalizes previously defined functions as illustrated in Table 8 lines 2 to 5.

8In the following isValid is an abbreviation for isValidLimitOrdParam used in the ordinal calculator
C++ code.
9Because the ordinal calculator only references countable ordinals w; is used to represent w{'¥. In general
CK is written as wg.
07f o is a limit then w,.1imit0rd(n) = Wa.1imit0ord(

w

n)-



Cantor normal form

a1 > Qg > Qg > ... > Qg

o« and the «; are ordinal notations
n; are nonzero integers

o =wn; +w*ng +w™ng + ... + w*ny (4)

Veblen functions

a=p(ag,qo, ..., ) (5)

a=p,(ag,a, ..., ) (6)

Notations for countable admissible ordinals with projection

a = wyq(a1, 00, ..., 04) (7)
a = wy[n] (8)

a = [[0])ws[n] (9)

o = [[]Jurer (@1, 221 s 1) (10)
a = [[0]Jwx[[n]] (11)

Notations for a stronger form of ordinal projection

o = [[61/017 52/0-27 a3} 6mro-m]]wli [77] (12)
a = [[51r0-1a 52/027 ceey 5mfo-m]]wm[[77]] (13)
a = [[01,01, 02,02, ..., O O] |wi (a1, 2, ..., ) (14)

There are several restrictions on equations 7 to 14.

1. If k is a limit then no n parameter is allowed.
2. The most significant § cannot be a limit.
3. If any other 4 is a limit, then the associated o must be 0.

4. If the o associated with the least significant ¢ is a limit, then no n parameter is allowed.

Figure 1: Ordinal calculator notation syntax



k and the least significant o are successors

other «; are 0

Alat1) = (o)
witila+1) = wn,w;+l(a+1)+1(04)

thus using w' () thus

Wf-c-l-l(a + 1)

= Uien wipa(a+1)

See line 6 in Table 8 for an example.

K 18 a limit
we(a+1)

= UCGK W wi ()41

See line 7 in Table 8 for an example.

Table 7: Definition of wy(«) with k a successor and limit

«.limitElement (n)

n=1 ‘ n=2 ‘ n=3 n=4
1 w1 [1] w1 [2] w1 [3] w1 [4}
2 w Puw P, +1 Popy,+1+1
3 w1 [2] Py 241 Py 2142 +1 P, portit]
4 wi[1] w1[2] w1[3] w1 [4]
5 ws3|2] W2 05[2]+1 W2 0y g 241 +1 W2,02 0y o1y 11+
6 ws(4) W s (4)41(4) W2, o (441 ()+1(4) W20, oy gs 1@ +1(4)
7 W1,w, (4)+1 W2,w, (4)+1 W3, we, (4)+1 Wawe, (4)+1
8 [1]Jws [[1] [[1]Jws [[2] [[1]Jewr [[3] [[1]Jews [[4]]
w w1 [w] w1 [wy [w]] wi [wy [w [w]]]
w ws(w] ws[ws[w]] wsws[ws[w]]]
[[1]Jewn [[1]] wi [[[1]ws [[1]]] wi [wa [[[1]ws [[1]]]] wi [ws [wy [[[1]Jws [[1]]]]
[]Jws [[2]] wi[[[A]Jws [[2]] wifws [[1]]ewr [[2]]] wifws [w [[[1]Jws [[2]]]]]
[[1]Jwr Pl)Jwr+1 Pl +1+1 Peoipw, g1 1 F1
[[2]]w2 W1, [[2)jwz+1 W1,wi [(2)]wg+1+1 Wiwiw, [[2lJwgrrt1HL
[2]]ws [2]ws, [(2))ws+1 (1212, [(201ws 2175 4141 2w (120102 (2110 0 ertitl
Blos | [Elonimhorrs | 100 0en st | 00 00on g cxent
[[5]]wr (3] [15]]ws, (5)1wr31+1 | [[B]lws, (15]1we gsgjwn mea+1 | LBIIw6,[15]1we s 1l (5Jwnfass +1F ]
ws(7) Wa,ws(7)+1 (7) Wiy e (1y+1(7)+1 (7) W4,w4,w4’u5(7)+1(7>+1(7)+1 (7)
wsr(ws7+1) | wsr(wsz+1,0) ws,7(ws7+1,0,0) ws,7(ws,7 +1,0,0,0)
W1,w, (T)+1 W2 w,, (7)+1 W3,we, (7)+1 Wa,we, (T)+1
W (w7 +1) | wy7(we,7+1,0) W 7(wew, 7 +1,0,0) W, 7(wew 7 +1,0,0,0)

Table 8: Countable admissible level ordinal notations

10




wi[1] = UW, Qus Pons P s P, s -+

W1 [77 + 1] = U w1 [77]7 Puwrn]+1s Qpcpwl[n]HJrla )
ngll m+1] = win]
wim+1 = Puui i

thus using w'[n] thus

wer1N+ 1] = Uien wipan + 1]
See line 5 in Table 8 for an example.

n is a limit
Wk [77] - UC<77 Wi [d
If k is a limit then 1 must be 0.

Table 9: Definition of wy[n]

The notation system at and above the limit of recursive ordinals definable in the system
is incomplete. Equation 9 through Equation 11 take advantage of this in various forms of
ordinal projection. The ¢ parameter in these equations (0 < k), is the admissible level the
ordinal is projected onto. With the [n] suffix the restriction is 6 < k. When [[a + 1]Jwa1][[1]]
is expanded with 1imitOrd (or limitElement) the [[d]] prefix is dropped as shown in lines
9 and 10 in Table 8.

Ordinal projection allows arbitrarily large notations in a fixed, and thus limited, system
to be used in specifying an ordinal notation. However the definition of the ordinal is modified
so that any invocation of 1imitOrd for evaluating this ordinal, will have a value for which
isValid is true. This requires a notation < ws. Since this notation is defining a new ordinal
< wg not all parameters that meet this definition are legal. There is a definition of isValid
in Section 3.2.

Equation 9 evaluates just as Equation 8 does (see Table 9). 4 is copied without changing
it. This is illustrated by lines 16 and 17 in Table 8. The exception (mentioned above) is
when the ¢ prefix is dropped as shown in lines 9 and 10 in Table 8.

Equation 10 is evaluated as Equation 7 is in all cases with the value of § being copied
without change. (The [[d]] prefix only changes when an [[n]] or [n] suffix is present which
requires the «; and ~ parameters to be 0.) Examples are shown in lines 13, 14 and 15 in
Table 8.

Equation 11 in combination with Equation 9 is used to define the projection of a successor
0 down one level in k. Equation 11 diagonalizes equation 9 as shown in lines 9 and 10 in
Table 8. In evaluating this notation, any result of the form [[d]]ws[n] drops the [[d]] prefix as
no longer meaningful. See lines 9 through 12 in Table 8 for examples.

3.2 1limitType, maxLimitType and isValid

«.limitType is an Ordinal virtual member function which designates an upper limit on the
ordinals that can be used by a.1imitOrd. a.maxLimitType is the maximum of 1imitType
valid in evaluating this ordinal and any smaller one.

If .1imitType > f.maxLimitType, then a.isValid(/3) is true and o.1imitOrd(3) yields
a valid ordinal notation. If a.limitType = (.maxLimitType, then additional tests are
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needed. This only applies to equation 14 with v and «a; all 0. Thus « is of the form
[[61,01, 02,09, ..., O O] Jw,. Additional restrictions for this special case are kK =, 0y = 0
and o > . This special case allows expressions of the form: [[4]]ws[[[[4]]ws[[w]]]]. This is
needed because both a double bracketed prefix and a double bracketed suffix individually
reduce the 1imitType by 1, but combined they only reduce the 1imitType by 1.

3.3 Semantics for extended ordinal projection

Equations 12 to 14 provide an extended form of ordinal collapsing. The idea is to index
the 0 level with an ordinal notation, ¢, and further expand the indexing with a list of these
pairs. The first value of § continues to limit the size of 1. Values of § that follow it must
either be increasing or equal with increasing values of 0. &, in turn, must be > the last ¢.
The first 0 indicates the level at which the n parameter for the ordinal as a whole and any
of its parameters is restricted. Subsequent ds do not affect this. The additional index or o
can be any ordinal notation with this restriction. It is not otherwise limited.

Recall that the ordinal hierarchy beyond the Church-Kleene ordinal is somewhat like the
Mandelbrot set. Any recursive formalization of the hierarchy has a well ordering less than
the Church Kleene ordinal and thus it can be embedded within itself at many places and
to any finite depth. This nesting must be managed to avoid an infinite descending chain or
inconsistency.

The semantics for equations 12 to 14 differs from that for previous equation when that
semantics would generate a value of K < d,,. This can only occur when x = 4,, and other
conditions are met. These occur when « is decremented or expanded from a limit ordinal. In
these cases k is changed as the previous semantics requires and the [[§1,.01, 02,09, ..., Oy 00 ]]
prefix is adjusted to keep 9,, < k without violating the constraints on this prefix. In some
cases this means the prefix is shortened.

Decrementing [[01,01, 09,02, ..., 0 0m]] when its least significant value is a a limit is
illustrated by lines 1 and 2 in Table 11. Table 10 gives the rules for decrementing the
[[61,.01, 02,09, ..., 0m,-0]] prefix when its least significant value is a successor. The last col-
umn of this table references the line or lines of examples in Table 11.

When the least significant ¢ is decremented a range of values for the corresponding o can
be appended and the result will be a lower valued prefix. Thus the valid values for 1imit0Ord
are chosen to be a sequence of s that diagonalize lower level definitions. This is illustrated
by lines 7, 8 and some of those that follow in Table 11 and the lines in Table 10 that reference
these lines.

4 Mathematical truth

Some mathematics is absolute (24-2=4) and others is contingent (parallel lines never meet).
Mathematics focuses on absolute truth. It deals with parallel lines by asking which assump-
tions lead to which conclusions. These are absolute truths although different assumptions
will hold in different situations.

The borderline between contingent and absolute truth in the domain of the infinite has
remained open for as long as mathematics has been a recognized discipline. It goes back
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All entries assume least significant ¢ or ¢ is a successor and 6,

= K.

The comparisons in columns 1 and 2 are between the two least significant Js or os.

The 11 column refers to an example line or lines in Table 11.

Om \ Om \ next least (or smaller) prefix \ 11 ‘
Om = Om—1 Om —1=0,_1 [[61,01, 5 s Om—1,-0m—1]] 5 |
Om = Om—1 Om — 1> 0,1 (0101, 5 ooy Om—1,-Om—15 Oy O, — 1]] 7
(Om > Om—1) 9 10 |
V(m=1) successor (0101, 5 ooy Om—1,-Om—15 Omy O — 1]] 11
(O +1=0p-1)

AOpm—1 a limit 0 [[61,.01, 5 oy Om—1,-0m—1]] 12
(6m +1="0m_1) 13 14 |
AOp—1 SUCCESSOT 0 (01,01, ooy Om—1,0m—1,0m — Lopm_1 + 1] 15

16 17 |

Om + 1 > 0t 0 01,01, ooy Om—1,0m—1,0m — Loopm_1 + 1]] 18

Table 10: Computing next least [[01,.01, 02,09, ...,

Om Om]] prefix

a «.limitElement (n)
n=1 ‘ n=2
1| [3Bw]lws [[31]]ws [[3.2]]ws
2 | [Bw]]ww [[3, 4]Jws [[3, 5]]ws
3 | B, wlws(1) (3, 4fJwa, [3,0]Jwe +1 (3, 5]]ws, [3,w]lwe+1
4| [[3, wljwee [[3, w]lwws (13, w]]ww2 o
5 [[2’3f4’3/5”w3[1] [[2,3,4}]w3 [[2 3 4]] W([2,3,4]]ws
6 | [[2,3.4,3.8]|ws[[1]] w (2,34, 3 8]|wsw]
71 (2,34, 3.8]]ws[1] [2,34,3.7]|ws [[2,3.4,3.7,[[2,3.4,37]|ws]lwy2,3 4.3 7]jws
3 [[2 3 4,3 8” 3[5] [[2?3f473f8]}w3[4] [[2’3f43 3f77 [[273/473/8]]"‘)3[4“}“)[[2,3,4,3 8]lws[4]
9 | [[Baw + Hws[] [[Bw]ws (13w, [[3w]]ws]Jw(is wopjws
10 | [[1,31]Jws[1] [[1, 3]]ws [[1 3, [[1, 3lJws]Jw1 3]s
11 | [[1,31]jws[4] [[1, 31 ]]ws]3] [[1, 3, [[1, 31 )ws[3]]]wi(1,3 1]jws 3]
12 | [[1,w, w + 1fjww1[1] [1, wljwes1 (1, wllwp e e
13 | [[3, 4]Jwa[1] (3,3 1]]ws [[3, 313, 31]Jws + 1]]ws
14 | [[3,5, 4]Jwa[1] [[3.5,3 6wy [3.5,3[13,5,3 6]]w4 + 1]Jws
15 | [[3,5, 4]]wa[3] [[3.5, 4)]wa[2] [[3.5,3([3.5, 4]|wa[2] + 1]]ws
16 [[Qa 4]}(")4[1] [[2v 3]] 4 [[Qa 3/[[27 3“"‘)4 + 1}]6&4
17| [[2.5, 4]]wa[1] [[2.5, 3]]ws [[2.5,3([2.5, 3]|ws + 1]]ws
18 | [[2,5, 4]Jw4 3] [[2,5, 4]Jw4 2] [[2,5,3[[2,5, 4]Jwa[2] + 1wy

Table 11: Countable nested embed admissible level ordinal notations
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at least as far as Zeno’s paradoxes. We have much deeper knowledge of the implications of
various assumptions today and these can provide a guide for drawing this line.

I take liberty with the famous phrase of Leopold Kronecker to say “God is making
the integers; all else is the work of man”. ‘made’ was changed to ‘making’ to emphasize the
rejection of completed infinite totalities while recognizing that the universe may have no finite
bound. Of course no argument can decide the matter. But one can argue that, in a finite, but
perhaps potentially infinite universe, some questions definable in ZF (Zermelo Frankel set
theory)[4] are not objectively determined. It is reasonable to restrict absolute mathematics to
objectively determined questions in the universe we inhabit. Other questions are meaningful,
if at all, in a universe in which actual infinities exist, at least in a Platonic sense. In the
physical universe it appears that real numbers exist, not as completed infinite totalities, but
only as mathematical expressions, some of which can be interpreted as properties of recursive
processes. There is is a finite algebra of that defines properties of processes that never end.
The ordinal calculator uses elements of this algebra.

The position advocated here is not formalism. Most of mathematics can be justified
as determined by a recursively enumerable sequence of events. There may be no objective
fact that determines the result, but some relationship between a recursively enumerable
sequence of events determine it. Each of these events could occur in a finite universe that is
unbounded over time. Each individual event is logically determined by the assumptions that
define the sequence of events. As a consequence some statements about the entire collection
are objective. What these statements are cannot be precisely defined. As the properties
become more complex and convoluted they become more questionable. Mathematics will
always be incomplete with regard to both provability and definability.

Consider the sequence of questions: ‘Does a TM, have an infinite number of outputs with
the first output being a code for the ordinal 07" This is property F,. ‘Does a TM have an
infinite number of outputs with the first output being a code for the ordinal 1 and with an
infinite subset of the outputs being the Goédel numbers of TMs that satisty F,?” This is the
property Py. In general P, asks ‘Does a TM have an infinite number of outputs the first of
which is the code for a recursive ordinal notation for o+ 1 and an infinite subset of which are
of type P,?7" If o is a limit ordinal then there question is: ‘Are there an infinite number of
outputs, the first of which is a recursive ordinal notation for oz and an infinite subset of which
are the Godel numbers of a TMs whose first output is a notation of a recursive ordinal # < «
and that TM satisfies P3. Iterating this up to any integer yields the arithmetic hierarchy.
[terating it up to any recursive ordinal yields the hyperarithmetic hierarchy. These two
hierarchies are objectively determined. Some mathematics requiring quantification over the
reals is also objectively determined as described in the next section.

4.1 Real numbers

Real numbers have been questioned for another reason. They are impredicative. Reals
defined in ZF include those that require quantification over all reals to define. Some of the
famous paradoxes that have led to inconsistent proposals for mathematics are impredicative.
Removing all impredicative definitions is one way to avoid them.

The reals provably definable in ZF are both incomplete and impredicative. How can one
quantify over them? Some such questions appear to be objective. Consider the question:
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does a TM (Turing Machine) that accepts an arbitrarily long sequence of inputs halt for
every possible sequence? This question seems objective because it is logically determined by
a recursively enumerable sequence. These are the finite sequences of inputs for which the
TM eventually halts before it accepts a new input. If these include an initial segment of
every real number than the answer is yes and no otherwise. Some initial segments obviously
cover every possible real number. For example, in considering binary reals less than 1, the
sequences that start with .0 and .1 cover every real number. A TM that halts for every
possible input sequence is called WF (well founded).

In contrast is the continuum hypothesis. This asks does there exist a set, o, whose ‘size’
is > than the size of integers and < than the size of the reals. The size of v is > than the
size of ( if there exists an onto function from a to (3, but no onto function that goes the
other way. If none of these functions or sets have an objective existence as infinite totalities,
but only have meaning as human created mathematical expressions and the relationships
provable between them, then one can question the objectivity of the continuum hypothesis
as others have done[5]. No question that requires an uncountable set of events to determine
can be determined by a recursively enumerable of sequence of events.

Mathematics is inevitably incomplete with regard to definability as well as provability.
Godel proved the latter. Cantor may or may not have proved that there are more reals
than integers (for that to be true reals must exist as completed infinite totalities at least
in some Platonic sense), but his diagonalization method combined with the Lowenheim-
Skolem theorem prove that any finite formal system must be incomplete with regard to
the definability of reals. Just as one can always make a system, that includes first order
arithmetic, stronger by adding the axiom that the original system was consistent to a new
system, one can always expand a system that defines real numbers by adding an axiom that
defines the diagonalization of all real numbers provably definable in the original system. As
Emil Post observed over 60 years ago: “The conclusion is unescapable that even for such
a fixed, well defined body of mathematical propositions [a formulation of the recursively
enumerable sets|, mathematical thinking is, and must remain, essentially creative[11].”

This can be reflected in the definition of reals. Reals need not exist as sets. We can treat
them as mathematical expressions satisfying a property. Proving that something is true of
all reals means it must be true of any entity defined now or in the future that satisfies the

property.

4.2 Expanding mathematics

There is an alternative to large cardinal axioms for extending mathematics that is related to
these axioms, but limits itself to questions logically determined by a recursively enumerable
sequence of events. This involves generalizing the idea of a WF TM to define large countable
admissible ordinals.

Sacks proved that the countable admissible ordinals are those constructed like WX using
TMs with oracles for previous levels in the countable admissible hierarchy[15]. An alternative
is to generalize the concept of a WF TM by asking if a TM that accepts an arbitrary number
of integer inputs, halts for every infinite sequence of Godel numbers of WE TMs of a lower
level. Given any countable ordinal, .. defined in this way, one can iterate the property of
being WF for lower levels up to a. This does not exhaust the countable admissible ordinals.

15



They can be further extended with new axioms somewhat analogous to large cardinal axioms.
In this hierarchy one has different types of limit types (as described in Section 3.2) just as
one does in the cardinal hierarchy. Omne may be able to define something analogous to
large cardinal axioms while retaining the objectivity of properties of TMs determined by
recursively enumerable sequences of events.

4.3 The cardinal hierarchy

This approach sees cardinals beyond the integers as dealing with contingent rather than ab-
solute mathematics. The set of all reals and the entire cardinal hierarchy provably definable
in ZF may be objectively definable as properties of recursive processes albeit not within
ZF. Cardinal hierarchies may have an objective meaning under certain assumptions just as
FEuclidean geometry does.

Large cardinal axioms appear to implicitly define iterative processes of a sort that is
very difficult to develop directly. Perhaps, by focusing on the countable admissible hierarchy
and developing analogous axioms, one can define the same and even more powerful iterative
structures. These structures will be more complex, but they can be implemented as computer
programs on which experiments can be performed. It is possible that this capacity will
eventually lead to approaches that are more productive than is possible with the apparent
elegance of large cardinal axioms.

5 Incompleteness and diversity

With the aid of computers mathematics may be expanded beyond what is practical without
them. This can continue indefinitely, but as long as the development leads to a single system
of accepted mathematics it will remain inside what I call a Godel limit. This assumes we are
in a finite, but potentially infinite, universe where all physical processes can be recursively
defined. This may or may not be true, but it seems increasingly likely as we gain deeper
understanding of both physics and the human brain.!*

A Godel limit is a sequence of ever more powerful mathematical models all of which
may eventually be discovered in a single path of mathematical exploration and development.
However all of the results are subsumed by a single more powerful result that will never be
discovered inside the Godel limit. The only way, under these assumptions, to avoid a Godel
limit is through an unbounded expansion of diversity. Godel proved that no formal system
can decide all mathematical questions, but, in a potentially infinite universe, every possible
true model can be explored with unbounded diversity.

It seems that the mathematically capable human mind could have only evolved over
billions of years on a planet with the enormous diversity of life on earth. That mind, an
evolutionary legacy, allows us to be relatively certain about a great deal of mathematics
by using the human mind in a cultural process of consensus. Using computers as tools for
mathematical research may significantly extend the mathematics that is widely accepted. It
is also likely to lead to alternative powerful extensions that seem at least plausible as large

1T have argued that the apparent irreducible randomness of quantum mechanics may be a chaotic like
but deterministic effect of a totally discrete universe[2].
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cardinal axioms are seen today by some. At that point some avenues of further progress
will require a diversity of schools with no way to ultimately resolve all competing consistent
approaches although some will be seen to fail omega consistency or some other generally
accepted criteria.

Why would it be worth the effort to explore this mathematics? Existing mathematics goes
far beyond what is commonly used in science and engineering. The answer to this question
takes us outside of mathematics to questions of ultimate meaning and value. Bertrand
Russell may have been the first, in 1927, at the end of the Analysis of Matter to comment
that intrinsic nature and by implication intrinsic value only exists in conscious experience.

As regards the world in general, both physical and mental, everything that we
know of its intrinsic character is derived from the mental side, and almost ev-
erything that we know of its causal laws is derived from the physical side. But
from the standpoint of philosophy the distinction between physical and mental
is superficial and unreal[14, p. 402].

Science first abandoned the fundamental substances of earth, air, fire and water and later
Newtonian billiard balls for pure mathematical models lacking any fundamental substance.
This is made explicit in set theory where the fundamental entity is the empty set or nothing
at all. Intrinsic nature and thus meaning and value exists only in conscious experience.

Nonetheless the evolution of consciousness has been an evolution of structure. Repro-
ducing molecules have evolved to create the depth and richness of human consciousness.
They have also evolved to the point where we can take conscious control over future human
evolution. Human genetic engineering has already begun as a way to cure or prevent horrible
diseases. Over time the techniques will be perfected to the point where one may consider
using them for human enhancement. We will need to have a sense of meaning and values
that is up to the challenge this capability presents.

The depth and richness of human consciousness seems to require the level of abstraction
and self reflection that has evolved. These seem necessary for both richness of human con-
sciousness and the ability to create mathematics. The ordinal numbers are the backbone
of mathematics determining what problems are decidable and what objects are definable in
a mathematical system. Do they also impose limits on the depth and richness of human
consciousness? If so than diversity is critical to the unbounded exploration of possible con-
scious experience. This possibility is explored more fully in a video Mathematical Infinity
and Human Destiny and a book][1].
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